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Three Topological Properties

Suppose X is a topological space.
e Lindelof: every open cover of X has a countable subcover.
@ Separable: X has a countable dense subset.

o Countable Tightness: if  is in the closure of A, then there is a
countable B C A so that z is in the closure of B.
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Strong Countable Fan Tightness
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Selection Principles (Menger, Hurewicz 1924)
(Scheepers 1996)

Suppose that A and B are collections.
S1(A, B)

S1(A, B) means that for all sequences (A,) consisting of elements of A,
there are choices x,, € A,, so that {z, :n € w} € B.

Sﬁn (A~ B)

Shn(A, B) means that for all sequences (A,,) consisting of elements of
A, there are finite F;, C A,, so that | J,, F», € B.

.

€
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Notation

o Let O(X) denote the open covers of X.

o Let Zx denote the dense subsets of X.

o Let Q2x . denote the sets A C X such that x € A.
Note that

e X is Rothberger if and only if S;(O(X), O(X)).

o X is selectively separable if and only if Sy (Zx, Zx).

@ X has strong countable fan tightness at x if and only if
Sl(QX,CIH QX,x)-

@
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Strategies

A perfect information (PI) strategy for either player One or
Two is a strategy for responding to the other player that takes as
inputs all of the previous plays of the game.

e A Markov strategy for player Two is a strategy that takes as
inputs the current turn number and the most recent play of player
One.

A pre-determined (PD) strategy for player One is a strategy
where the only input is the current turn number.

A strategy is winning if following the strategy guarantees that
the player will win the game.
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Strategies

Playing according to a PI strategy for One:

I ‘ O(@) J(l’o) J($0,$1)
H‘ i) I xT9

Playing according to a PI strategy for Two:
I ‘ A() A1 A2
II ‘ T(Ag) 7(Ag, A1) 7(Ag, A1, Ag)
Playing according to a Markov strategy for Two:
I ‘ Ao Ay Ag
IT | 7(A0,0) 7(A1,1) 7(A3,2)
Playing according to a PD strategy for One:
I ‘ a(0) o(1) o(2)
|

II

Zo x1 Z2

@
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A Strength Hierarchy

For the selection game G1(A, B):

Two has a winning Markov Strategy

4

Two has a winning PI strategy

4

One has no winning PI strategy

\
One has no winning PD strategy <= S1(A, B)
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Game Equivalence

Definition

Define G1(A,C) <11 G1(B, D) as the conjunction of the following implications.

@ Two has Mark in G1(A,C) = Two has a Mark in G1(B,D)
@ Two has PI strat in G1(A,C) = Two has a PI strat in G1(B, D)
@ One has no PI strat in G1(A,C) = One has no PI strat in G1(B, D)

@ One has no PD strat in G;(A,C) = One has no PD strat in G;(B, D)

@ This relation is transitive.

o if Gl(.A, C) SII Gl(B,D) and Gl(B D)

<1 C), we say the two
games are equivalent and write G1(A, C)

Gi(A
= G1(B.D).

@ There is a Gg, version of all of this.
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Scheeper’s Monotoncity Law

Let A, B,C, D be collections.

o If BC A, then Go(A,C) <11 Go(B,C).
e If D CC, then GD(A,D) <11 GD(A,C).

As an application of this law, G1(2x 2, Qx.z) <11 G1(Dx,Qx,) for any
space X and point =z € X.
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Related Spaces

We will focus on connections between games played on a space X and

games played on a space Y that was built out of X. In particular, we
look at when Y is

e the space of closed subsets of X, and
e the space of continuous functions f : X — R.

These constructions lines up with multiple natural topologies, and we
can work with a fair amount of them.
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The Fell Topology on the Closed Subsets of X

Let F(X) denote the collection of closed subsets of X.

The Upper Fell Topology (Fell 1962)

The Upper Fell Topology on F(X) is generated by basic open sets of
the form
(U)T :={FeF(X): FCU}

where U is the complement of a compact set.

A basic neighborhood of F has the form (X \ K)" where K is compact
and FNK = 0.
Let FT(X) be the closed subsets of X with the upper Fell topology.

@
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The Fell Topology on the Closed Subsets of X

F with an open neighborhood (X \ K)™.

X

U= X\K
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The Fell Topology on the Closed Subsets of X
F with an open neighborhood (X \ K)*.

The Hyperspace

(uy
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A Topological Connection

e U C X is open if and only if X \ U is a point in F™(X).
o If D CF"(X) is dense, then {X \ F': F' € D} is an open cover of
X.

o In fact, if K C X is compact, then there is an F' € D so that
KCX\F.
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k-Covers

A non-trivial open cover % of X is a k-cover if for all compact
K C X, thereisa U € % so that K CU.
K(X) is the collection of k-covers of X.

o % € K(X)ifand only if {X\U :U € %} € Dp+(x)-
o D € Zp+(x) if and only if {X \ F': F € D} € K(X).
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Bijective Translation

Caruvana, Holshouser 2020

Assume that A, B,C, D are collections and that | JC C [J.A and
UD C |UB. Suppose that there is a bijection 5 : |J.A — |J B so that

o A€ Aif and only if S[A] € B, and
e C € Cif and only if B[C] € D.
Then Go(A,C) = Go(B, D).
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Using Bijective Translation

Caruvana, Holshouser 2020

Go(K(X), K(X)) = Go(Dr+(x), Dr+(x))-

We can prove this by defining 8 : Tx — F(X) as B(U) = X \ U and
applying the proposition.
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Using Bijective Translation

Caruvana, Holshouser 2020
Go(K(X), K(X)) = Gu(Dr+(x), Dr+(x))-

We can prove this by defining 8 : Tx — F(X) as B(U) = X \ U and
applying the proposition.

Following Li’s definition of Kp-covers and letting F(X) denote the full
Fell topology, we can also prove that
Go(Kr(X), Kr(X)) = Go(Dr(x), Dr(x)) using the same map §.

@
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The Space of Continuous Functions

Set C'(X) to be collection of all continuous functions f : X — R.

The Topology of Point-Wise Convergence

C(X) with this topology will be denoted C,(X). The open sets are
generated by sets of the form:

[fi{@o, -+ s an}sel = {g: [f(z0) — g(xo)| <& - [f(@n) — g(an)| <e}

where f is continuous, zg, - ,x, € X, and € > 0.
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Common Topologies on the Space of Continuous
Functions

f with a neighborhood [f; F,¢].

1 2 3 4 5 6 7 8 9 10 1 12 13 14 15 16 %"'
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A Topological Connection

o If f: X — R is continuous, and n € w, then f~1[(—27",27")] is
open.
o If A C Cp(X) has 0 in its closure, then for a fixed n,

% ={f(=27"27")]: fe A}

is an open cover of X.
o In fact, if F' C X is finite, then there is a U € % so that FF C U.
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w-Covers

A non-trivial open cover % of X is an w-cover if for all finite ' C X
there is a U € % so that ' C U.
Q(X) is the collection of w-covers of X.

Proposition
If Ae QCP(X),Ov then

U(An) = {f1[(=27,27)] : f € A} € Q(X)

| \

Proof.

Suppose A € Q¢,(x),0- Let 7 C X be finite. Then [0; F,27"] is an
open nhood of 0. So there is an f € A so that f € [0; F,27"]. Then
FC fH(=27"27")]

V.
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w-Covers

Proposition

Suppose f, € Cp(X) are so that

{fgl[(_2_n,2_n)] inEw}l € QX).
Then {fn :n € w} € Q¢ (x),0-

Consider a basic open nhood [0; F,¢]. Since F is finite, there is an n so
that 27" < ¢ and F C £, 1[(=27",27")]. Thus f, € [0; F, ¢]. O

v
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Turn Based Translation

Caruvana, Holshouser 2020

Assume that A, B,C, D are collections and that | JC C [J.A and
UD C |UB. Suppose that there is a function ¢ : [JB x w — [J.A so
that

o If B e B and n € w, then p[B x {n}] € A, and

o If y, € By, and {¢(yn,n) : n € w} €C, then {y, : n € w} € D.
Then G1(A,C) <11 G1(B, D).
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Turn Based Translation
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Using Turn Based Translation

Caruvana, Holshouser 2020
G1(UX), (X)) <u G1(Qc,(x),0: 20, (x),0)-

We can prove this by defining ¢ : Cp(X) x w — Tx as
o(f,n) = f7H(—27",27")] and applying our facts about w-covers.
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Using Turn Based Translation

Caruvana, Holshouser 2020

G1(UX), (X)) <u G1(Qc,(x),0: 20, (x),0)-

We can prove this by defining ¢ : Cp(X) x w — Tx as
o(f,n) = f7H(—27",27")] and applying our facts about w-covers.

This same ¢ shows G1(K(X), (X)) <11 G1(2¢,.(x),0, 0 (x),0)-

Successes and Failures in Translating Strategies Across Selection G:
Jared Holshouser (with Chris Caruvana) / 36




Complete Regularity

Definition

Recall that space X is completely regular if for every point x € X
and closed set F' C X with x ¢ F, there is a continuous function
f:X —[0,1] so that f(z) =0 and f|p = 1.

Note that you can also find continuous functions to separate finite sets
from closed sets, and even separate compact sets from closed sets.

Successes and Failures in Translating Strategies Across Selection G:
Jared Holshouser (with Chris Caruvana) / 36




Complete Regularity

Suppose that X is Hausdorff and completely regular.

If % € Q(X), then

AZ) ={f: QU € Z)[flx\w =1} € Qc,x),0-

Suppose % € Q(X). Consider a basic open nhood [0; F, ¢]. There is a
U € % so that F C U. There is then a continuous f : X — R so that
flr =0 and f|x\y = 1. Then f € [0; F,¢].

0J
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Complete Regularity

Proposition

Suppose {f, :n € w} € Qc,(x),0 and that U, C X are open so that
falx\v,, = 1. Then {U, : n € w} € Q(X).

Proof.
Suppose F' C X is finite. Then [0; F, 1] is open nhood of 0, so there is
an n so that f, € [0; F,1]. Thus F C f,'[(-1,1)]. fulx\v, = 1, this
means that F N (X \ U,) = 0. Therefore F C Up,. O

| N

v

Successes and Failures in Translating Strategies Across Selection G:
Jared Holshouser (with Chris Caruvana) / 36




General Translation

Theorem (Caruvana and Holshouser 2019)

Let A, B, C, and D be collections. Suppose there are functions
° ?I,n:B%Aand

° ?II,VNUAXB‘)UB
so that

elfxE?In then?nan)EBand
Q ifzx, € ?In ) for all n, then
{zn:newlel = {?H,n(xn,Bn) in € w} €D

Then G1(A,C) <11 G1(B,D).

v

@
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General Translation
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Using General Translation

Let X be a Hausdorff completely regular space.

Theorem (Caruvana and Holshouser 2019)

G1(R2¢,(x),0, e, (x),0) <1 G1(2(X), (X))

Define %In(%) = A(% ) and set ?H,n(f, % ) to be a choice of U € %
so that f[X \ U] = {1} if possible, and X otherwise. Confirm that

° ?I,n and 7Hm are well-defined,
o If f € T1n(%), then Tiun(f, %) € %, and

o If %, are w-covers, f, and U,, € %, are so that f,[X \ U,] = {1},
and 0 € {f, : n € w}, then {U,, : n € w} is an w-cover.
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A Game Reduction That Does Not Use Translation

Theorem
Gl(Q, Q) <11 Gl((D, O).

e Player II has a winning (Markov) strategy in G1(£2,2) if and only
if they have a winning (Markov) strategy in G1(O, O).

e Using a result of Pawlikowski, Player I has a winning strat in
G1(0,0) if and only if they have winning PD strat.

e Using the generalization of Pawlikowski, Player I has a winning
strat in G1(€, Q) if and only if they have winning PD strat.

e Using the bijection between w and w?, S1(€, Q) is equivalent

S1(0,0).

@

Successes and Failures in Translating Strategies Across Selection G:

Jared Holshouser (with Chris Caruvana) / 36



Brittle Game Reductions

@ The game reductions that came from translations all generalize to
different ideals. In particular, they work both in reference to
compact sets and to finite sets.

) Gl(Q,Q) <1 G1(0,0), but G1(K,/C) 11 G1(O7 O).
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Thanks!

Thanks for Listening
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